Math 632 Fall 2020

Second Midterm Exam-Version 1

Name:i| o 8oozmon

e There are four problems in this exam and some have multiple parts. The points add up to 100.

e Your solutions must be fully uploaded within 2 hr 15 minutes from the start, or before 5:45PM, whichever
comes first. Be mindful of the passage of time so that you do not miss the opportunity to scan and upload
your work.

e You are allowed to use the course materials: lecture notes, materials on Canvas, Durrett’s textbook and your
own notes to solve the problems. No other materials or outside help is allowed. In particular, you cannot
communicate with anyone else or look up solutions on the internet.

e Simplify your answer if it is possible with reasonable effort.

e Solutions without justification cannot get credit. Cross out the writing that you do not wish to be graded on.

Problem Points
1 /30
2 /20
3 /20
4 /30
Total /100




1. Nick eats lunch at the campus food court every day. Each day he eats one of Burger, Salad, and Pizza. Let X,

denote his meal on the nth day for n > 0. Assume that his daily choices obey a Markov chain with transition
matrix
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(a) (10 pts) What is the long term fraction of days on which Nick eats a Burger?
(b) (10 pts) Find the limits of Pp(X, = S) and Pp(Xn = B, Xp42 = ) as n — o0,

(c) (10 pts) Assume the prices of B, S, and P are $5, $3, and $6, respectively. Find the long term average cost
per day of Nick’s lunch.
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2. Roll a fair six-sided die five times. Let X denote the number of threes among the outcomes, and let ¥ denote
the number of twos among the outcomes.

(a) (15 pts) Find the conditional expectation E[Y|X].
(b) (5 pts) Find the conditional expectation E[X?Y|X].

MBI Kex] = 2 K piv=k =)
- sk PY=kX=x)

" PIX=x)
Let 2 =X4Y P(Y:k))(ﬂ(}:P\Z:kﬂ()
ELY 1Ko = 7 HZek X~ Boan(5: )
=X) 7 ~Bima( S, %)
) Z ’ (mxj\s\hx(sf-x-x
R \X)\L\ \f

g—K X

_ > pardie! (_LL\ "LB
X Ka0l(s—k-0! () ( W

fi (&~x O(S- xm (&= kxﬂ K*X
.—%K Kﬂ( b (X+1) 2.\ l\ 5\ ( >

E_oa,,u \,J./.' ELY]X} -H”s s v Kioy H\UL ale X *H».rees', Thee fare H(.f Caen lv)‘

he Tvos, ELYIX] will b Hhe <re as E[Y]
/\/*X __._g‘x .,l.“,\es wfﬁ\ o Leleess P(DL O‘)fr/

F W or\l/ fﬂ”

of- L £ (shee
i o v ] Koo Hhe £ 3
ELYIXY=ELY] | iAe i Bivam( =%, 1) the erviiny g s il,z,q,s,z)}

= n P ( L“N’Ml'o' 6({)[1/0'011)

e iF X=€ | ELYIX]1= 0O
i X=0 sE[YlX]z

v/
v

1
3




Lx\ EL)@Y\X] = Xl ELY}X] <l X* i o{"w//aﬂ ot the wi/%’i’) verlble
Plv\«) i) E[Y\X] ‘Fwﬂ] Fm# o,

————————

ELCYIX] < £x (s




3. Let Xy, X5, X3,... be i.i.d. random variables with possible values {0, 1,2} and uniform distribution
O 7 Ll
P(X1=0)=P(X;=1)=P(X; =2) = 3. E[x‘]__s_,LE = |

(a) (10 pts) Define the process V;, by X 1 1 (RS
| g o | JI & b 7
i = Xl and Vo= ann—l for n 22 E[z ] 3 2 i 3 Z -‘. 3 S g

Decide whether V;, is or is not a martingale with respect to { Xk }x>1.

(b) (10 pts) Find a constant ¢ such that the process

My=1,  M,=c2XititXs tformi> 1,

is a martingale with respect to {Xx}x>1.
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4. For p € (0,1), consider a branching process with offspring distribution 8 = {8k }o<k<oo given by

P(Z=k)=fr=(k+1)(1-p)%* k=012,...
Let 7 = m(p) denote the extinction probability of this branching process, as a function of the parameter p. The

2
The
probability generating function of this distribution 8 is g(s) = (i——:s) for |s| < ,—1,.

(a) (10 pts) Derive the expected value of Z from the given g(s). (Other calculations of E[Z] get half the credit.)
(b) (10 pts) For what values of p does the branching process go extinct with probability 17
(¢) (10 pts) Compute the extinction probability = for the case p = %
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